In a four-dimensional spacetime, the DeWitt-Schwinger expansion of the effective action associated with a massive quantum field reduces, after renormalization and in the large mass limit, to a single term constructed from the purely geometrical Gilkey-DeWitt coefficient a3 and its metric variation provides a good analytical approximation for the renormalized stress-energy tensor of the quantum field. Here, from the general expression of this tensor, we obtain analytically the renormalized stress-energy tensors of the massive scalar field, the massive Dirac field and the Proca field in KerrNewman spacetime. It should be noted that, even if, at first sight, the expressions obtained are complicated, their structure is in fact rather simple, involving naturally spacetime coordinates as well as the mass M , the charge Q and the rotation parameter a of the Kerr-Newman black hole and permitting us to recover rapidly the results already existing in the literature for the Schwarzschild, Reissner-Nordström and Kerr black holes (and to correct them in the latter case). In the absence of exact results in Kerr-Newman spacetime, our approximate renormalized stress-energy tensors could be very helpful, in particular to study the backreaction of massive quantum fields on this spacetime or on its quasinormal modes.
I. INTRODUCTION
Quantum field theory in curved spacetime (for reviews and monographs on this subject, see Refs. [1] [2] [3] [4] [5] [6] [7] ) is a semiclassical approximation of quantum gravity which, by treating classically the spacetime metric g µν and considering from a quantum point of view all the other fields (including the graviton field to at least one-loop order for reasons of consistency), avoids the difficulties due to the nonrenormalizability of quantum gravity and provides a framework which permits us to study the low-energy consequences of a hypothetical "theory of everything". It should be recalled that this approach allowed theoretical physicists to obtain fascinating results concerning early universe cosmology and quantum black hole physics (see Refs. [1] [2] [3] [4] [5] [6] [7] and references therein) and, in particular, led to the discovery of particle creation in expanding universes by Parker [8] and of black hole radiance by Hawking [9] . Furthermore, this approach also provides the natural theoretical framework to analyze the cosmic microwave background (CMB) observations made in recent years.
In quantum field theory in curved spacetime, it is conjectured that the backreaction of a quantum field on the spacetime geometry is governed by the semiclassical Einstein equations
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Misner, Thorne and Wheeler [10] and we adopt units such that = c = G N = 1.) In Eq. (1), G µν is the Einstein tensor R µν − 1 2 g µν R + Λg µν or some higher-order generalization of this geometrical tensor while T µν ren is the renormalized stress-energy tensor (RSET) of the quantum field or, more precisely, the renormalized expectation value of the stress-energy tensor operator associated with the quantum field.
The semiclassical Einstein equations (1) have permitted Starobinsky to show that, after the Planck era, quantum effects lead to an inflationary universe, i.e., a universe with an exponentially expanding de Sitter phase [11] . They have been also used by several authors to analyze the dynamics of evaporating black holes due to Hawking radiation (see, e.g., Refs. [12, 13] for pioneering work on this topic) and, more recently, they have been considered to explain the acceleration of the expansion of the universe (see, e.g., Ref. [14] ). But unfortunately, and despite the impressive successes mentioned above, the backreaction problem is in general difficult to tackle, not only because the semiclassical Einstein equations (1) are a set of coupled nonlinear hyperbolic partial differential equations but also because it is in general difficult to define the right-hand side of these equations, i.e., to construct the RSET. Indeed, the expectation value of the stress-energy tensor operator is formally infinite and it is necessary to regularize it, i.e., to extract from this formally infinite quantity a meaningful finite part, and then to renormalize all the coupling constants appearing in the problem in order to remove the remaining infinite part. Much work has been done since the mid-1970s in connection with this subject (see Refs. [1] [2] [3] [4] [5] [6] [7] and references therein) and, currently, we have at our disposal some powerful procedures (such as the adiabatic regularization method, the dimensional regularization method, the ζ-function approach, the point-splitting method...) permitting us to construct theoretically and without ambiguity the RSET.
It is however important to note that, in fourdimensional gravitational backgrounds, except if we work under very strong hypotheses (e.g., if we consider field theories in maximally symmetric spacetimes or if we study massless or conformally invariant field theories on very particular spacetimes), it is in general impossible to obtain an analytical expression for the RSET. In fact, in most cases, it is even impossible to construct, from a practical point of view, the RSET and, when this is possible, it is necessary in many cases to perform a numerical analysis in order to extract the physical content of the RSET and, of course, this does not simplify the backreaction problem. So, it is interesting to note that various approaches have been developed which permit us to deal with situations presenting a "lower degree of symmetry" and to construct, in this context, accurate analytical approximations of the RSET (see, e.g., Refs. [15] [16] [17] for the theoretical bases of the "Brown-Ottewill-Page approximation" which is limited to static Einstein spacetimes or Refs. [18] [19] [20] [21] for the theoretical bases of the "DeWittSchwinger approximation" which can be used in an arbitrary spacetime but is limited to massive fields in the large mass limit [22] ). From a theoretical point of view, such analytical approximations could be helpful to find self-consistent solutions to Eq. (1) .
Here, we focus on the DeWitt-Schwinger approximation of the RSET. It is based on the DeWitt-Schwinger expansion of the effective action associated with a massive quantum field and, formally, it can be used only when the Compton length associated with the massive field is much less than a characteristic length constructed from the curvature of spacetime. In this context, an analytical expression for the RSET is directly obtained from the metric variation of the renormalized effective action associated with the massive field. Here, it is important to recall that the DeWitt-Schwinger expansion of the effective action is purely geometrical and to note that, as a consequence, the approximate RSET does not take into account the quantum state of the field. The literature concerning the DeWitt-Schwinger approximation and its applications is rich (see, e.g., Refs. [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] for applications to black holes, wormholes and black strings and Refs. [38, 39] for a recent work concerning the FriedmannLemaître-Robertson-Walker universes) and it is important to note that the approximate RSETs obtained from the DeWitt-Schwinger expansion of the effective action seem to be in good agreement with exact results (see Ref. [26] where this has been discussed for the ReissnerNordström black hole).
In this article, we intend to use the DeWitt-Schwinger approximation in order to construct the approximate RSET for massive fields in Kerr-Newman spacetime. Despite its physical importance, this particular spacetime has never been considered previously and this is certainly due to the complexity of the calculations involved. Let us remark that the problems treated in the references previously mentioned mainly concern spherically or cylindrically symmetric spacetimes and/or Einstein spacetimes (i.e., spacetimes satisfying R µν = Λg µν ) and that the Kerr-Newman spacetime does not belong to one of these categories. To facilitate our work, we shall write the general expression of the RSET in an irreducible form in order to reduce substantially the number of its terms and the size of calculations and we shall use Mathematica packages allowing us to perform tensor algebra very efficiently. We shall then obtain, in Sec. II (see also Appendix A for details), analytical expressions for the RSET of the massive scalar field, the massive Dirac field and the Proca field in Kerr-Newman spacetime. It should be noted that, even if, at first sight, the expressions we shall display are complicated, their structure is in fact rather simple, involving naturally spacetime coordinates as well as the mass M , the charge Q and the rotation parameter a of the Kerr-Newman black hole and permitting us to recover rapidly, in Sec. III, the results already existing in the literature for the Schwarzschild black hole [23, 40] , for the Reissner-Nordström black hole [26, 30] and for the Kerr black hole [24, 25] . We shall moreover correct the result obtained for the Dirac field in the latter case. In Sec. IV, we shall conclude by mentioning some possible applications of our results and by considering the shift in mass and angular momentum of the Kerr-Newman black hole dressed with a massive quantum field.
Before entering into the technical part of our work, it seems to us necessary to recall that, due to its fundamental importance in connection with the Hawking effect, the construction of the RSET in black hole spacetimes has often been discussed in the past 40 years and, in Schwarzschild and Reissner-Norström spacetimes (i.e., in static spherically symmetric black holes), we have now at our disposal exact expressions (which, however, must be analyzed numerically) for the RSET associated with various quantum fields and various vacuum states (see, e.g., Refs. [41] [42] [43] [44] [45] [46] for pioneering work concerning massless fields in Schwarzschild spacetime and Ref. [26] for results concerning both massless and massive fields in Schwarzschild and Reissner-Nordström spacetimes). For stationary axisymmetric black holes, the situation is less clear and much more complex. In Kerr spacetime (see, e.g., Refs. [47] [48] [49] [50] [51] and references therein), for massless fields, due both to problems linked with the quantization process in this spacetime [47, 52] and to the complexity of the mode solutions of the wave equation, the RSET has been calculated only in specific locations and, for massive fields, to our knowledge, there exists no result concerning the RSET. In Kerr-Newman spacetime, the situation is even worse: we have found no results for this tensor in the literature.
We now describe the formalism we shall use in the following. We work in a four-dimensional spacetime (M, g ab ) without boundary and we consider more particularly the massive scalar field φ solution of the KleinGordon equation
the massive spinor field ψ solution of the Dirac equation
and the massive vector field A µ solution of the Proca equation
In the wave equations (2)- (4), m denotes the mass of the fields, in the Klein-Gordon equation (2), ξ is a dimensionless factor which accounts for the possible coupling between the scalar field and the gravitational background and in the Dirac equation (3), γ µ denote the usual Dirac matrices. We recall that, after renormalization and in the large mass limit, the DeWitt-Schwinger expansion of the effective action associated with the massive scalar field, the massive Dirac field and the Proca field can be constructed from the Gilkey-DeWitt coefficient a 3 and reduces to [18] [19] [20] [21] 
Here, the coefficients c i depend on the field and are given in Table I . In Eq. (5) the integrand is constituted by ten Riemann polynomials of order six (in the derivatives of the metric tensor) and rank zero (number of free indices). It should be noted that terms in 1/m 4 , 1/m 6 ... are also present in the full expression of the renormalized effective action W ren (see, e.g., Refs. [19] [20] [21] ) but here, because we assume a large enough mass m, we can neglect them. It is also important to recall that, in the large mass limit, the nonlocal contribution to W ren associated with the quantum state of the massive field is not taken into account. So, the renormalized effective action W ren is a purely geometrical object.
By functional derivation of the effective action (5) with respect to the metric tensor g µν , we obtain a purely geometrical approximation for the RSET associated with the massive fields. We have
which can be written explicitly [53] (96π This formula is the basic cornerstone of our calculations and it is necessary to comment on it briefly. It should be noted that the expression of the RSET has been written in an "irreducible form". Indeed, if we do not carefully take into account the symmetries of the Riemann tensor as well as the Bianchi identities, the metric variation of the renormalized effective action (5) could lead to an expression with many of the terms which are linearly dependent in a nontrivial way. As a consequence, the resulting expression contains too many terms (this is the case in most of the articles dealing with the DeWittSchwinger approximation) and, in practice, this increases significantly the size of calculations. For that reason, in Ref. [53] , we have expanded the RSET on a standard basis constituted by Riemann polynomials of order six in the derivatives of the metric tensor and constructed from group theoretical considerations by Fulling, King, Wybourne and Cummings (FKWC) [54] . This basis is described in Secs. 2.1 and 2.2 of Ref. [53] and displayed in Table II where we use, furthermore, the FKWC notations R r s,q and R r {λ1... } to denote the various subspaces of the space of Riemann polynomials of rank r (see Ref. [54] for more precision). It should be finally noted that there also exist two geometrical identities [see Eqs. (3.21) and (3.22) in Ref. [53] ] coming from a topological and a geometrical constraint due to the four-dimensional nature of spacetime. We could have used them in order to eliminate two other terms in (7) but we have chosen to work with the FKWC basis of Riemann polynomials of order six which can be used in any dimension.
II. APPROXIMATE RENORMALIZED STRESS TENSORS IN KERR-NEWMAN SPACETIME
In this section, we consider the massive scalar field, the massive Dirac field and the Proca field in the KerrNewman spacetime and we provide, in the large mass limit, the associated explicit expressions of the approximate RSET T µ ν ren . We work with Boyer-Lindquist coordinates and the spacetime metric then takes the form [10] 
where ∆ = r 2 − 2M r + a 2 + Q 2 and Σ = r 2 + a 2 cos 2 θ. Here M , Q and J = aM are the mass, the charge and the angular momentum of the black hole while a is the so-called rotation parameter and we assume
The outer horizon is located at r + = M + M 2 − (a 2 + Q 2 ), the largest root of ∆.
By using the general formula (7) and Table II in connection with (8), we can obtain explicitly T µ ν ren . Of course, due to the complexity of the Kerr-Newman metric, the calculations involved cannot be done by hand. For this reason, we have written the package SETArbitraryST (available upon request from the first author). It is based on the suite of Mathematica packages xAct [55] which permits us to perform tensor algebra very efficiently.
The explicit expressions of the nonzero components of T µ ν ren can be written in the same form for the different massive fields. We have
Here, the coefficients A µν p,q are polynomials of the variables cos 2 θ and M/r with coefficients depending on the field. The interested reader can find these coefficients for the massive scalar field, the massive Dirac field and the Proca field in the subsections A 1, A 2 and A 3 of the Appendix.
III. SPECIAL CASES : APPROXIMATE RENORMALIZED STRESS TENSORS IN SCHWARZSCHILD, REISSNER-NORDSTRÖM AND KERR SPACETIMES
The structure of the expressions (9)- (16) permits us to recover very quickly the results corresponding to the special cases of the Schwarzschild, Reissner-Nordström and Kerr spacetimes.
By taking Q = 0 and a = 0 we recover the results obtained in Schwarzschild spacetime by Frolov and Zelnikov (see Ref. [23] and Sec. 11.3.7 of Ref. [40] ). The nonzero components of T µ ν ren are
where the coefficients A It should be noted that, for the Dirac field, Frolov and Zelnikov have forgotten a multiplicative factor 1/2. The absence of this factor seems to be due to an error of these authors in their construction of the effective action for the massive Dirac field from the (bosonic) Lichnerowicz operator. This error does not exist in Refs. [20, 21] and in Table I .
Similarly, by putting a = 0 into the expressions (9)- (16), we recover the results obtained in ReissnerNordström spacetime by Anderson, Hiscock and Samuel [26] (for the scalar field) and by Matyjasek [30] (for the Dirac and Proca fields). The nonzero components of T µ ν ren are
where the coefficients A Finally, by putting Q = 0 into the expressions (9)- (16), we can find the results in Kerr spacetime. The nonzero components of T µ ν ren are
It should be noted that the approximate RSETs for the massive scalar field, the massive Dirac field and the Proca field in Kerr spacetime have been obtained a long time ago by Frolov and Zelnikov [24, 25] . At first sight, their results and ours are different because theirs are given in terms of the complex spin coefficient ρ = −(r−ia cos θ) −1 and its powers. In our opinion, our formulas are clearer. Moreover, we have checked that both results are in agreement for the scalar and vector fields while, for the Dirac field, they differ by the multiplicative factor 1/2 previously discussed.
IV. CONCLUSION
In this article, we have obtained an analytical approximation for the RSET of the massive scalar, spinor and vector fields in Kerr-Newman spacetime. To our knowledge, no other result concerning this tensor in KerrNewman spacetime can be found within the literature. The Mathematica package SETArbitraryST which permits us to derive the expressions of the RSET T µν ren in Kerr-Newman spacetime as well as another package which contains these explicit expressions are available upon request from the first author.
The approximate expressions obtained are based on the DeWitt-Schwinger expansion of the effective action associated with a massive quantum field. As a consequence, they do not take into account the quantum state of the field and are only valid in the large mass limit. In particular, it is important to note that they neglect the existence of supperradiance instabilities for massive fields in rotating black holes (see Refs. [56] [57] [58] for pioneering work on this subject and, e.g., Ref. [59] for a more recent article concerning more particularly the Kerr-Newman black hole) which seems quite reasonable because the instability time scale is very long in the large mass limit. We have also shown that our results permit us to recover those already existing in the literature for the RSET in Schwarzschild, Reissner-Nordström and Kerr spacetimes and we hope they will be useful to people who will want, in the future, to make the exact calculations by taking into account, in particular, the quantum state of the massive field. But, in our opinion, the complexity of our results leads us to think that an exact expression for the RSET of a massive field in Kerr-Newman spacetime is completely out of reach.
However, this should not prevent us from discussing the following fundamental question : what exact result(s) may be associated with our approximation? This is far from obvious and, here, we shall only provide a partial answer to this important question. Let us first consider the case of Schwarzschild spacetime. It is well known that, in this gravitational background, three Hadamard [25] , the differences between this mean value and the mean values in the Unruh vacuum |U and the Boulware vacuum |B are proportional to the factor exp(−m/T BH ) and this difference can be neglected everywhere except close to the horizon. As a consequence, the DeWitt-Schwinger approximation (17)- (20) is certainly a good approximation of U |T By contrast, in Kerr and Kerr-Newman spacetimes the problem is much more complicated due, in particular, to the superradiant modes (see, e.g., Ref. [48] ) and to the nonexistence of Hadamard states which respect the symmetries of the spacetime and are regular everywhere [52] . However, it seems that these difficulties are naturally eliminated for the fermionic fields [51] and can be, in some sense, circumvented for bosonic fields [47] [48] [49] [50] and, in fact, one can consider that nonconventional HartleHawking, Unruh and Boulware vacua exist in Kerr spacetime (and probably in Kerr-Newman spacetime). In our opinion, the DeWitt-Schwinger approximation (9)- (16) is certainly a good approximation of the RSETs associated with these nonconventional vacua, but, of course, the region of space where this approximation can be used necessarily depends on the considered vacuum.
In the absence of exact results in Kerr-Newman spacetime, our approximate RSETs could be very helpful, in particular to study the backreaction of massive quantum fields on this gravitational background. In Refs. [28, 29, 31, 33, 35, 36] which deal with massive field theories on the Schwarzschild and Reissner-Nordström black holes, some aspects of the backreaction problem have been considered. Unfortunately, here, for the Kerr-Newman black hole, due to the complexity of the RSET, it seems impossible to find self-consistent solutions to the semiclassical Einstein equations (1). However, it is possible to simplify considerably the backreaction problem by limiting us to the determination of the shift in mass and angular momentum of the black hole (measured by a distant observer) due to the RSET. Such an approach has already been considered by Frolov and Zelnikov for the Kerr black hole [24, 25] and its extension to the Kerr-Newman black hole is tractable and permits us to emphasize the role of the black hole charge. For a stationary axisymmetric black hole, we recall that the mass M D and the angular momentum J D of the black hole dressed with a quantum field can be expressed in terms of its mass M and its angular momentum J by (see, e.g., Ref. [60] )
and
where T µν ren is the RSET of the quantum field, ξ µ = (∂/∂t) µ and ψ µ = (∂/∂ϕ) µ denote the two Killing vectors of the Kerr-Newman black hole, S is any spacelike hypersurface that extends from the outer horizon at r + to spatial infinity and dS µ is the associated surface element. In the following, we take for S the hypersurface defined by t = const and we have therefore dS µ = −(r 2 + a 2 cos 2 θ) sin θdrdθdϕ (dt) µ . By using the expressions (9) -(16) and assuming furthermore a ≪ M and Q ≪ M (for arbitrary values of the parameters a and Q, the expressions obtained are too complicated to be interesting), we obtain
where the dots denote terms of fourth-order [i.e., in (a/M )
The coefficients α i and β i appearing in Eqs. (35) and (36) are given in Table III . For Q = 0 (i.e., for the Kerr black hole), our results correct some errors made in Refs. [24, 25] for the Dirac field (all the coefficients α i and β i are incorrect) but also for the scalar and vector fields (the coefficient α 1 is incorrect).
Our results could be also used to study the quasinormal modes of the Kerr-Newman black hole dressed by a massive quantum field. Similar problems have been considered in Refs. [35, 36] for spherically symmetric black holes. The extension to the Kerr-Newman black hole is far from obvious, not only because of the RSET complexity but also because the subject of massive quasinormal modes in this spacetime is rather difficult and has been little studied (see, however, for recent articles dealing with this subject and which could be helpful, Ref. [61] where the uncharged massless scalar field is considered and Ref. [62] where the charged massive scalar field is studied).
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For the massive scalar field, the coefficients A ϕt p,q appearing in the expression (14) of T ϕ t ren are 
